We use N = 1 superspace to construct the supersymmetric matter couplings of vector and hyper multiplets in a five-dimensional anti-de Sitter spacetime background. For hypermultiplets, we find that AdS5 supersymmetry requires the scalar fields to lie on a hyper-Kähler manifold endowed with a certain type of holomorphic Killing vector.
I. INTRODUCTION
In four flat dimensions, supersymmetric nonlinear sigma models have a natural interpretation in terms of Kähler geometry. The scalar fields are the coordinates of a Kähler manifold; the vector fields gauge its holomorphic isometries. In five flat dimensions, supersymmetric theories enjoy a similar description. The scalar fields are the coordinates of a hyper-Kähler manifold, while the vector fields gauge its tri-holomorphic isometries [1] .
In this paper we extend this story to five-dimensional anti-de Sitter backgrounds. We work in superspace to make the supersymmetry manifest. However, fivedimensional superfields generally contain an infinite number of auxiliary fields [2] . To avoid this issue, we use what are essentially N = 1 superfields [3] - [8] . Our approach spoils manifest invariance under half the AdS 5 supersymmetries. Nevertheless, it provides a simple and convenient superspace framework for supersymmetric theories in AdS 5 . It offers a natural way to construct bulk-plusbrane scenarios in which flat three-branes foliate a fivedimensional AdS 5 bulk.
We illustrate our approach using vector and hyper multiplets, and construct AdS 5 versions of supersymmetric Yang Mills theory and the supersymmetric nonlinear sigma model. In the latter case, we show that the scalar fields must parametrize a special type of hyper-Kähler manifold, one that admits a holomorphic Killing vector that obeys a certain condition on the target space. This paper is organized as follows. In Sect. II we review the formulation of five-dimensional supersymmetric nonlinear sigma models in N = 1 superspace. In Sect. III we introduce warped superspace as an appropriate venue for constructing supersymmetric theories in a fixed AdS 5 background. We apply our formalism to vector multiplets in Sect. IV and to hypermultiplets in Sect. V. We * bagger@jhu.edu † xiong@virginia.edu conclude with some brief remarks in Sect. VI.
II. NONLINEAR SIGMA MODEL IN MINK5
Four-dimensional flat-space N = 2 supersymmetric sigma models were constructed long ago using both component fields [9, 10] and superfields [4, 11, 12] . Supersymmetry requires that the complex scalar fields be the coordinates of a hyper-Kähler manifold.
Such theories are relevant to five dimensions because five-dimensional spinors split naturally into two fourdimensional spinors. For that reason, five-dimensional supersymmetric theories can be described in terms of N = 1 superfields: the single five-dimensional supersymmetry splits into two four-dimensional supersymmetries. The first is manifest in superspace, while the second takes one superfield into another. The full five-dimensional structure emerges in the closure of the first and second supersymmetries: by Lorentz invariance, they close into a translation along the fifth dimension.
In previous work [8] , we extended [4] to fivedimensional Minkowski space. Invariance of the action and closure of algebra require the lowest components of the chiral superfields to be the coordinates of a hyperKähler manifold, just like N = 2 in four dimensions [13] .
To see this explicitly, consider the most general (twoderivative) action for 2n chiral superfields in flat space. We use N = 1 superspace, so the action is
Here K is the Kähler potential, a real function of the superfields, and H a and P are holomorphic. By construction, the first supersymmetry is manifest. The second is given by
where [8] .)
When P = 0, it is not hard to show that the action (1) is invariant under the second supersymmetry transformation. The transformations close into the fivedimensional algebra with the help of the superfield equations of motion. When P = 0, closure imposes conditions on X a = iJ ab P b :
The first implies that X a is a Killing vector. The second says it must be tri-holomorphic, in which case the isometry leaves the three complex structures invariant.
III. WARPED SUPERSPACE
In this section we construct a modified fourdimensional N = 1 superspace that is appropriate for five-dimensional supersymmetric theories in an AdS 5 background. We take our bosonic coordinates to be x n and z = x 5 , where n = 1, ..., 4, with (warped) metric
and cosmological constant λ. The metric admits 15 isometries that obey the SO(4,2) algebra. The AdS 5 superalgebra is SU(2,2|1), which has the following commutation relations [14] [15] [16] [17] :
The bosonic generatorsM MN andP M describe the 15 isometries. Writing the generators Q A ,M m5 andP m in four-dimensional form,
and dropping the hats, we obtain a realization of SU(2,2|1) in a four-dimensional notation that is appropriate for our construction,
The four-dimensional SO(3,1) generators M mn have the usual commutation relations with the other generators and with themselves. (See [17] for a slightly different notation.) In the limit of λ → 0, eqs. (5) and (7) reduce to the ordinary N = 2 super-Poincaré algebra in five flat spacetime dimensions. It is easy to see that the generators P m , P 5 , Q α and M mn form a subalgebra of SU (2,2|1) . In what follows we use this subalgebra to construct "warped superspace" -a version of N = 1 superspace compatible with the AdS 5 algebra. (Full AdS 5 N = 2 superspace requires a different coset. The results obtained here can also be found using that approach [2, 18] .) We start by forming the coset element Ω:
Symmetry transformations g act on Ω by left multiplication,
This induces a transformation (x, z, θ,θ)
The superfield Φ(x, z, θ,θ) is a function on superspace defined by
where Φ(0) transforms in a finite-dimensional representation of SO (3, 1) . By construction, the superfield transforms covariantly under g.
Given Ω, we compute the left and right vielbeins E
and E
R M
A in terms of the left and right Maurer-Cartan forms,
Here we use a compact notation in which A = (a, 5, α,α), and likewise for M . We use the inverse vielbeins to construct left and right differential operators
It is an exercise to show that the right derivatives close into the original algebra, while the left derivatives close into the algebra with the opposite sign on the right-hand side. (For a detailed explanation, see [19] .)
The (12) while the D R A are covariant derivatives,
. (13) The right vielbein serves as the (invariant) vielbein of the superspace.
For the case at hand, it is easy to compute the covariant derivatives. They are given by
where D α andDα are the spinor derivatives in ordinary N = 1 superspace,
The spinor covariant derivatives take a simple form in terms of the curly variables ϑ = e − 1 2 λz θ,
The bosonic part of the vielbein is e m a = e −λz δ m a and e 5 5 = 1, consistent with the metric (4). (The curly ϑ are essentially the new Θ variables of [20] .)
In a similar fashion, one can compute the differential operators that generate the isometries. They are
where
are the usual N = 1 supersymmetry generators in flat superspace. In terms of the curly ϑ variables, they are
as well as
These differential operators are the essential ingredients of warped superspace. By construction, the D The warp factor in (19) is very intriguing. It suggests that we take ξ K ≡ e 
Its solution is
and likewise for Ξ We now have what we need to write supersymmetric AdS 5 actions. We start by defining warped chiral superfields in complete analogy to N = 1:
This condition is consistent with integrability since
Then, using these superfields, it is easy to write the most general two-derivative action, in analogy with (1):
Because Q α ∼ D α up to an x m derivative, this action is invariant under the isometries generated by Q α (and likewise forQα). By construction, it is also invariant under the isometries generated by P m and P 5 . In terms of N = 1 superspace, (25) reduces to
Component fields and θ expansions are defined using the covariant derivatives. Indeed, as in flat space, we define
This gives rise to the following θ expansion
where ϑ = e [7] . Indeed, the component supersymmetry transformations are
These are half the component supersymmetry transformations in AdS 5 , recognizing that ξ K = e 
IV. VECTOR MULTIPLET IN ADS5
We are now in position to construct rigidly supersymmetric theories in an AdS 5 background. We first consider the five-dimensional vector multiplet. To set notation, we start by writing the action and supersymmetry transformations in flat space.
The five-dimensional vector multiplet contains a fivedimensional vector gauge field A M , a four-component
In this expression, V is in the Wess-Zumino gauge and χ is in the chiral basis. The action is given by
It is invariant under the following gauge transformations:
where Λ is a chiral superfield. The action describes fivedimensional supersymmetric Yang-Mills theory, with a U(1) gauge group, written in N = 1 superspace. (The action and transformations can be readily generalized to nonabelian gauge groups.) With this construction, the first supersymmetry is manifest. The second is a little trickier. It rotates the two superfields into each other:
A small calculation shows that these transformations close into the five-dimensional flat-space supersymmetry algebra. Let us now consider an AdS 5 background. A natural guess is to replace the flat-space D's with their curly AdS 5 counterparts. The field strength is
it is still chiral because of the D algebra. The action is
As above, it is invariant under the following gauge transformations:
The superfield χ remains chiral because of the D algebra.
The action (35) can be easily written in terms of ordinary N = 1 superspace. One finds
2 D α V . This is the same action as in [7] .
Let us now determine the supersymmetry transformation laws for (35). The first supersymmetry is manifest. A plausible guess for the second supersymmetry is
A s is the four-dimensional S-supersymmetry transformation [21] in warped superspace:
2 λz η and e mb = e m a η ab . In flat N = 1 superspace, (38) reduces to
where η A s is the four-dimensional S-supersymmetry transformation in flat spacetime [21] ,
The parametersη (35) is invariant under the transformation (38). When λ goes to zero, (38) reduces to (33), the supersymmetry transformation in flat spacetime. In fact, comparing (38) with (22), a consistent story emerges: the second AdS 5 supersymmetry is the combination of a second flat-space supersymmetry (with parameter η K ) and a four-dimensional superconformal supersymmetry with the same parameter.
The closure of two second supersymmetry transformations (38) produces a transformation of the form,
A f is the four-dimensional superconformal Killing vector of special conformal transformations in warped superspace. It is related to the flat one [21] in a similar way as (42)
It is straightforward to check that (43) is an isometry of the AdS 5 background, consistent with (7), written in terms of superfield transformations.
V. NONLINEAR SIGMA MODEL IN ADS5
We now apply what we have learned to construct the nonlinear sigma model that describes hypermultiplets in an AdS 5 background. (For harmonic and projective superspace, see [2] .) In warped superspace, we write the action as
which, in flat superspace, becomes
In the flat spacetime limit, where λ → 0, the gradient of the superpotential P must be a tri-holomorphic Killing vector Z a = iJ ab P b [8] . When λ = 0, one can redefine the holomorphic one-form H a ,
and integrate by parts to absorb the superpotential P into H a . Therefore, without loss of generality, we can take the action to be
As we will see, H a obeys a constraint whose solution is determined up to a tri-holomorphic Killing vector, which precisely reflects the degree of freedom in (47).
We take the following ansatz for the second supersymmetry transformation,
whereη A s and η A s are the four-dimensional superconformal Killing supervectors for the S-supersymmetry. The transformation (49) preserves the chirality of Φ a . In the limit λ → 0, the action (45) and the transformation (49) reduce to the correct flat space forms.
The invariance of the action (48) under (49) imposes a constraint on the holomorphic one-form H a :
Here F is a holomorphic function and D H is real. Equation (50) represents a new restriction on the hyper-Kähler target space in an AdS 5 background -one that does not appear in the flat space limit. This constraint (50) is also necessary to ensure the five-dimensional invariance of the action. To see this, we compute the component Lagrangian and integrate out the auxiliary fields F a . This gives rise to the following terms:
Since g ab J abJbc = g bc , the first term of (51) contributes to the scalar kinetic term. The second term contributes to the scalar potential. The cross terms in the second line of (51) are dangerous, however, because they appear to violate the five-dimensional Lorentz symmetry.
Fortunately, Eq. (50) neutralizes the cross terms. From (50), one finds
This permits the cross terms to be combined into a total derivative,
Substituting (53) into (51), and integrating by parts, we find a second contribution to the AdS 5 scalar potential,
Note that this potential arises even in the absence of a superpotential. The function D H is, in fact, a Killing potential. Its gradient gives rise to a holomorphic Killing vector,
Since H a = −iJ ab X b , the fact that H a,b − H b,a = J ab imposes an additional constraint on X a :
or equivalently,
This modified tri-holomorphic constraint is also needed to close the second supersymmetry transformation (49).
It is similar to the condition found in [22] for N = 2 hyper-Kähler models in AdS 4 .
It is easy to see that two different solutions of Eq. (58), say X 1 and X 2 , differ by a tri-holomorphic Killing vector, since
is the tri-holomorphic condition for Z = X 1 − X 2 . As we saw previously, adding such a vector adds a superpotential to the system. In general we do not know how to solve the Eqs. (56) and (57) for X a . However, they can be readily solved if
Then any solution of (56) and (57) can be written as
where Z is tri-holomorphic and c is a real constant. Note that the Killing vectorX a is holomorphic, but not triholomorphic, in accord with Eq. (58). (In fact, Y ≡ −2iX is a homothetic Killing vector [23, 24] . Manifolds admitting such vectors are called hyper-Kähler cones or Swann spaces [24] .)
Let us now check invariance under P 5 . Following (17), we take the variation of Φ a to be
One can check that the action (48) is invariant under (62). This requires that the warped factors be exactly as in (48), but it does not restrict the Kähler potential K or the holomorphic one-form H a . In a similar way, we can promote the four-dimensional axial symmetry into the five-dimensional U(1) Rsymmetry:
The first term contains the Killing vector (55) and the second implements the four-dimensional axial symmetry,
As in the dilatation case, invariance of the action (48) under (64) imposes no new conditions. Finally, closing the second supersymmetry (49) with itself gives the five-dimensional lift of a special conformal transformation,
where y m = x m + iθσ mθ and ξ A f is four-dimensional special conformal Killing supervector.
We close by presenting a simple model, described by two chiral multiplets, U and V , with Kähler potential K = UŪ +VV and antisymmetric tensor J UV = −J V U = −J UV = −1. As shown in [24] , this hyper-Kähler manifold has a rich structure because of its large symmetry group. First, there is an SU(2) R-symmetry group with Killing vectors [24] 
Note that X 3 is holomorphic, while X + , X − are nonholomorphic, and none of them are tri-holomorphic. There is also a second SU(2) isometry group, generated by
All three of these vectors are tri-holomorphic. The AdS 5 sigma model corresponding to this hyperKähler manifold has the action
To find the vector X a , we solve
Note thatX is proportional to the Killing vector X 3 in (67). We then write X =X+cZ, with Z tri-holomorphic. For the case at hand, we take Z = Z 3 and compute X a and H a :
(Choosing Z 1 or Z 2 leads to the same mass spectrum after a field redefinition.) The action is then S = d 5 xd 4 θ e −2λz (UŪ + VV )
where the "superpotential" term emerges after integration by parts.
To determine the mass spectrum, we calculate the Killing potential according to (50):
Note that c is real, and F =0 in (50). The scalar potential is (54):
where the masses are given by
with µ = −3λc, in accord with [7, 25] .
VI. DISCUSSION AND CONCLUSIONS
In this paper we created a warped superspace to facilitate the construction of supersymmetric matter couplings in AdS 5 backgrounds. Our superspace is based on ordinary N = 1 superspace, so it is easy to use and well suited to brane foliations of AdS 5 .
We applied our construction to AdS 5 vector and hyper multiplets. For vector multiplets, we found results similar to those in flat five-dimensional space. For hypermultiplets, we found that the most general couplings are more restrictive than in flat space. Not only must the scalar fields parametrize a hyper-Kähler manifold, but the manifold itself must be endowed with a holomorphic Killing vector that obeys an inhomogeneous tri-holomorphic condition. Swann manifolds satisfy the condition, but perhaps others do as well.
While this work was being written up, two papers were posted that considered superspace sigma models in fourdimensional anti de-Sitter backgrounds [22, 26] . In our paper we focussed our attention on five-dimensional anti de-Sitter supersymmetry without boundary terms. It would be interesting to determine the relation between bulk and boundaries for the case at hand [27] .
